Abstract: Dipole selection rules underpin much of our understanding in characterization of matter and its interaction with external radiation. However, there are several examples where these selection rules simply break down, for which a more sophisticated knowledge of matter becomes necessary. An example, which is increasingly becoming more fascinating, is macroscopic toroidization (density of toroidal dipoles), which is a direct consequence of retardation. In fact, dissimilar to the classical family of electric and magnetic multipoles, which are outcomes of the Taylor expansion of the electromagnetic potentials and sources, toroidal dipoles are obtained by the decomposition of the moment tensors. This review aims to discuss the fundamental and practical aspects of the toroidal multipolar moments in electrodynamics, from its emergence in the expansion set and the electromagnetic field associated with it, the unique characteristics of their interaction with external radiations and other moments, to the recent attempts to realize pronounced toroidal resonances in smart configurations of meta-molecules. Toroidal moments not only exhibit unique features in theory but also have promising technologically relevant applications, such as data storage, electromagnetic-induced transparency, unique magnetic responses and dichroism.
Introduction
Although the history of Maxwell equations and lightmatter interaction started as early as 1861 [1] , electromagnetism has been the field of most challenging and rival concepts such as understanding the actual velocity of the information transfer [2] , the actual wave function of photons [3] [4] [5] , realization of cloaking, negative refraction, and transferring of the data beyond the diffraction limits using plasmons and metamaterials [6] [7] [8] [9] [10] [11] , and the emergence of the Abraham-Minkowski controversy and the actual linear momentum of light [12, 13] . At the heart of our understanding of light-matter interaction, there exist multipole-expansion sets that tell us how to construct the extended electromagnetic sources according to the localized sources with well-known electromagnetic field and radiation patterns. This concept, for example, forms the basics to understand the quasi-static dipole and quadrupole localized plasmon resonances in individual [14] or chains of metallic nanoparticles arranged in the forms of converter-coupler gratings [15] , waveguides [16] [17] [18] , or resonators [19, 20] (the so-called longitudinal and transverse resonances). The coefficients of such an expansion set known as moments were conventionally ordered as appearing in the expansion set according to the electric and magnetic multipole terms.
In 1958, however, Zeldovich [21] reported on the possibility of elementary particles under breakdown of spatial parity to interact with the electromagnetic wave in a peculiar form considering the interaction energy where S is the spin and H is the magnetic field. Considering this problem in classical electrodynamics, in 1967, Dubovik noticed the possibility of introducing a new class of moments being excluded from the family of electric and magnetic moments, with different time-space symmetries but appearing in similar orders in the expansion set to the magnetic moments [22] , the socalled toroidal moments. From those early days, discussions about toroidal moment have created an impetus in both solid-state physics and electrodynamics.
What is so interesting about toroidal moments? This question is partly entangled with the human curiosity to find new states of matter and ordering and partly related to the technological applications. Toroidal ordering in solid states can open up possibilities for a new kind of magnetoelectric phenomenon [23] , with applications in data storage and sensing. Whereas toroidal moments have been reviewed in Ref. [23] , with a focus on static spinbased toroidal moments and magnetoelectric effect (ME) in condensed-matter physics, we will put the emphasis of our review on different expansion sets leading to the toroidal moment and on electrodynamic toroidal moments in metamaterials and free space. Ref. [24] has provided a concise review in this aspect. Our review is intended to provide a more complete answer to this question and to invoke new directions in light-matter interactions involving toroidal moments. For this purpose, we start with the theoretical investigation of the multipole expansion sets in Section 2 leading to toroidal moments and time-space symmetry characteristics of moments, respectively. We furthermore discuss in Section 3 the toroidal moments in solid-state and photonic systems, the origin of asymmetric magnetoelectric tensors in materials, the electromagnetic interaction between external light and (meta-)materials that sustain toroidal moments, and finally the electromagnetic field and radiation pattern associated to isolated toroidal moments. In Section 4, we further consider the possibility of the excitation of materials with toroidal moments with different polarization states of light and also with relativistic electrons. In Section 5, we explore the coupling of toroidal moments to other classes of moments like electric dipole to form radiation-free sources of electromagnetic fields and also discuss the characteristics of toroidal metamaterials. We continue the review to cover the technological applications of toroidal moments and finally provide a conclusion and an outlook.
Families of multipoles in electrodynamics
Mathematical expansion sets are essential for our understanding of the physical properties of systems and matter. Not only such expansion sets help us to analytically find solutions to simple problems, but they also help us to simplify or find approximate solutions to complicated systems. Among the so-called expansion sets that physicists routinely use are Rayleigh expansion sets [10, 25] , Eigenmode expansion sets [11, 26, 27] , and multipole expansion sets [28] . The multipole expansion, which is based on the expansion of either potentials [29] [30] [31] or fields [32, 33] , has several applications in classical electrodynamics, such as finding solutions to inverse problems [34] [35] [36] , reconstruction of images [37] , and in general, decomposition of induced charges into a set of localized charge distributions with well-known near-field and farfield characteristics. Moreover, semianalytical methods based on multipole expansion sets of magnetic and electric vector potentials, such as the method of auxiliary sources [38] [39] [40] , the multiple multipole method [41] [42] [43] , or the generalized multipole technique [11, 18, [44] [45] [46] [47] [48] [49] , are exponentially convergent efficient methods in numerical electromagnetics [50] . In the following, we consider the family of multipole expansions for static and dynamic systems, considering the Taylor expansions of sources, potentials and fields.
Multipole expansions for potentials and fields
A direct Taylor expansion of charge and current densities proposed by Dubovik in 1990 already demonstrated the existence of a toroidal moment described as 2 3 (1 /10 ) ( ( ) 2 ( )) , T c r r J r r J r d r = ⋅ − ∫ which originates from the currents flowing along the meridians of an infinitesimal sphere as (
then continues as the inner flow by extending from one pole to the other pole of the sphere [22, 51] (see Figure 1A) . Moreover, toroidal moment was shown to be a multipole order originated from the transverse part of the current density ( , ), J r t ⊥ as the longitudinal current ( ( , )) J r t is not independent from the charge density, because of the charge conservation criterion ( , ) ( , ) / J r t r t t ρ ∇⋅ = −∂ ∂ and hence is related to the multipole expansion of the scalar potential. Here, the longitudinal current is associated with the irrotational part of the current density vector field and points out from the charge density ( , ) r t ρ toward a direction normal to any surface inclosing the charge distribution, whereas ( , ) J r t ⊥ is parallel to such a surface. Obviously, a configuration of the current density distribution in the form of T J is topologically similar to the poloidal currents flowing at the surface of a torus, hence leading to toroidal magnetic fields and the so-called polar toroidal moment (see Figure 1B) . Interestingly, the poloidal current distribution leads to a diminishing of the magnetic quadrupole moment and hence an increase in the detectability of toroidal moment [52] . As a simplification, a ring of either static [23, 53] or dynamic [54] [55] [56] [57] magnetic moments is considered as a configuration for the excitation of a polar toroidal moment or the so-called magnetic toroidal moment.
A dual configuration to the polar toroidal moment is an axial toroidal moment (or electric toroidal moment), which is composed of a ring of electric dipolar configurations [51, 58] . However, in contrast to a polar (magnetic) toroidal moment, the axial (electric) toroidal moment does not violate time and parity symmetry. In this paper, we mainly focus on the polar (magnetic) toroidal moment.
More often, the solutions to potentials rather than field components are considered. This is based on the fact that solutions of the Helmholtz equations, known as wave potentials, are well established in arbitrary coordinate systems. Moreover, it is possible to form a Helmholtz equation for potentials in complicated materials like chiral and topological materials [59] , which is not in general feasible for field components. In addition, these are the vector ( , )
A r t and the scalar ( , ) r t ϕ potentials, which more often appear in the quantum mechanical Hamiltonian of the interaction of charged particles with light. However, scalar and vector potentials are also not independent, where a gauge theory should be applied to pursue a physically relevant wave solution for electromagnetic fields [60] . In practice, considering each gauge, theory dictates a relation between the scalar and vector potentials, meaning that they are not independent. Hence, the multipoles obtained by expanding them are also not independent. Considering the Lorentz gauge as ( , ) (1 / ) ( , ) / , A r t c r t t ϕ ∇⋅ = − ∂ ∂ the longitudinal part of the vector potential is also determined by the scalar potential. In other words, multipole expansion sets related to the scalar potential or the longitudinal part of the vector potential, along with the transverse part of the vector potential, form a complete basis of multipoles. Following Vrejoiu [29] , the reduction of the multipole tensors in the form of symmetric traceless ones demonstrates the existence of a toroidal moment, which has the same order as the magnetic quadrupole moment, but sustains different symmetry rules. This is, however, in contrast to the static case, for which no toroidal moment is obtained even after a tedious reduction of the tensors according to the symmetry groups. Therefore, the family of toroidal moments is composed of hybrid moments, which only come to existence by expanding the transverse part of the vector potential. In this regard, the toroidal dipole and quadrupole tensors in Cartesian coordinate and in Gaussian units are obtained as 
where i, k ∈(x, y, z) and δ ik is the Kronecker-delta function. It should be noted that, often, an equivalent definition of the toroidal moment is considered as
(the toroidal moment is the moment of the dipole-magnetic moments), which has an equivalent time-averaged quantity to the one which was introduced in Eq. (1).
Additionally, a direct expansion of fields may be also exploited, for which the outgoing-wave Green's function is expanded versus spherical harmonic multipoles [61] . Incorporating the Helmholtz decomposition of the current density function into the longitudinal and transverse toroidal and poloidal terms [31] , the resulting electric field has three components as ( , ) 
where i, j are Cartesian directions and δ ij is the Kronecker-delta function.
As a summary, all kinds of multipole expansion techniques can be introduced, but decomposition techniques should be exploited to extract the toroidal order, with the symmetry specifications discussed in the following chapter.
Classification of multipoles according to symmetry rules
In a Maxwell-Lorentz system of equations in which the only sources are charges and currents related to each other as ( ),
electric, magnetic and toroidal moments form a complete system of moments and there is no place for further generalizations. However, for the sake of completeness and symmetry, consideration of magnetic charges is recommended as well [63] E r t and ( , ) B r t are the electric and magnetic flux components, respectively, at time t and position shown by the displacement vector .
r Moreover, in contrast to the electric current distribution, which is a vector, the magnetic current distribution is an axial vector (pseudo-vector). Generalizing the multipole expansion schemes to include magnetic sources, a new class of poloidal magnetic currents is unraveled, which gives rise to the axial (electric) toroidal moments, which is an exact dual to the polar (magnetic) toroidal moment discussed previously. In analogy to the work carried out in Ref. [51] , the axial (electric) toroidal moments are denoted here as G. Under space-time parity operations (space inversion and time reversal), the whole class of multipoles behaves as depicted in Table 1 . The symmetry rules should be applicable to the vector fields acting on the multipoles, as the free energy of the system should be invariant upon space-time inversions. In this regard, the free energy of the interaction of an arbitrary system with the electromagnetic field in free-space is given by
. Moreover, Spaldin et al. [23] have argued that the cross-product P M × sustains similar space-time symmetries as a toroidal moment, but in fact, it is not a toroidal moment, as it interacts with the electromagnetic field according to the free-energy term ( ) ( ). P M E H × ⋅ × We only mention here that the local distribution of the vector ( ) ( ( )) r M r r r J r × = × × can be described as the distribution of the toroidal moment, when only the time-averaged quantity of this vector is anticipated and compared to 2 ( ( ) 2 ( )), r r J r r J r ⋅ − as described in Section 3.1. Moreover, as it will be discussed later in this review, a linear ME might occur in a system with a net toroidal moment, which means that the free-energy function contains the contribution ( )
. Although parity considerations in space-time is believed to provide a complete class of multipoles, a more general picture beyond the quasi-static limits has to be considered when the retardation effects are taken into account [65] , in which the Taylor expansion versus the wave number (k) is included as well. As this expansion is always ruled out versus k 2 = (ω/c) 2 in free space, there is no room to discuss momentum-frequency symmetries in classical electrodynamics. However, considering induced currents in materials, anisotropic media, and also material losses, it is well known that time-reversal symmetries might be violated in special cases [66] . In this regard, a complete picture including the k-symmetry has to be developed.
To conclude this section, we mention that despite several experimental realizations of toroidal moments in both solid-state and metamaterials systems, there are still debates about an individual class of toroidal moments, Table 1 : Transformation properties of electric (P), magnetic (M), polar toroidal (T), and axial toroidal (G) moments under space inversion and time reversal operations.
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to be excluded from the magnetic quadrupole terms. An interesting study in this regard is presented in Ref. [67] , where the author has considered multipole expansions at both potential and field levels, but also in both Cartesian and spherical coordination.
3 Characteristics, interaction, and radiation of toroidal moment in materials
Toroidization and ME in materials
A static toroidal moment exists in various materials both microscopically and macroscopically, covering transition metal ions [68] , biological and chemical macromolecules [69] [70] [71] [72] [73] [74] , bulk crystals [75] [76] [77] [78] [79] [80] , and glasses [81] . In macroscopic condensed matter, formation of toroidal moments in materials plays a vital role in the asymmetric ME. ME describes a phenomenon of a spontaneous magnetization (polarization) induced by an external electric (magnetic) field. The effect can be linear or nonlinear (higher order), having symmetric or antisymmetric tensors, and usually depends on temperature. An antisymmetric tensor is described by [ξ]
, where T is transpose operator. Moreover, an antisymmetric tensor is a special case of an asymmetric tensor where the latter is described by ξ ij ≠ ξ ji . One consequence of the antisymmetric linear ME in materials is toroidization, which is denoted by forming an order of vortices of the spontaneously induced magnetization [80] or spin [23] .
In solid-state systems where the magnetic fields are induced by localized spins ( ) S α at sites , r α the toroidal moment can be derived as ( /2) ,
with the gyromagnetic ratio g and the Bohr magneton μ B . However, toroidal moments have origin-specific values related to the choice of the lattice [82] . By shifting the origin from r to 0 , r r R = + ′ the toroidal moment changes as
In contrast to the moment, changes in toroidization (toroidal moment per volume of unit cell) are uniquely defined values. Nevertheless, as for the ferroelectric materials, spontaneous toroidization can be defined in materials with net toroidal moments, which describes the rate of change in toroidal moments when a vector field is applied. In general, symmetry considerations hint at the contribution of toroidal moments to the magnetoelectric polarization when considering the free energies of systems with spin ordering and the electrodynamics Hamiltonian of systems showing the linear ME. However, toroidal moments are not the only source of the ME. It is almost impossible to provide a direct relation between toroidization and magnetoelectric coupling [23] . Nonequilibrium electrodynamic consideration can describe the differences in the off-diagonal magnetoelectric tensors below a critical temperature, which is related to the coupling between the spontaneous toroidization, magnetization, and polarization [83] [84] [85] . In general, the antisymmetric contribution to the magnetoelectric tensor is an indication for the presence of toroidization in materials. Ferrotoroidicity describes a spontaneous, long-range alignment of toroidal moments in materials. It has been of major interest to investigate whether the ferrotoroidicity consisting of magnetic toroidal moments can be defined as an individual class of ferroic state, in addition to ferroelastic, ferromagnetic, and ferroelectric orders [23, 53, 80, 86, 87] . The reason is that the ferrotoroidicity complements the others in terms of space-time-inversion symmetry, whose transformation property is characterized by changing sign under both time reversal and spatial inversion. In this sense, ferrotoroidic state in materials is expected to be dominant like other primary order parameters. Zimmermann et al. [53] demonstrated for the first time the hysteretic switching of ferrotoroidic domains in LiCoPO 4 , where they simultaneously applied crossed static magnetic and electric fields. They concluded that the ferrotoroidic order is a primary order parameter as other ferroic states.
It has been further discussed that the toroidal moment might be merely a vortex-like arrangement of magnetic moments from antiferromagnetic state. Tolédano et al. [80] proposed a case study of LiFeSi 2 O 6 in this aspect. All the magnetoelectric tensor components during the symmetry-breaking transition from monoclinic to triclinic magnetic phase at 18 K in LiFeSi 2 O 6 were measured. In terms of crystallographic symmetry, either a biquadratic coupling of the toroidal-moment vector components or the antiferromagnetic vector components is permitted and is able to explain the observed inversion symmetry breaking. However, in terms of microscopic physics, only the free energy of the toroidal coupling term can be large enough to drive the transition in a single step. This is due to the fact that the free-energy contribution from the antiferromagnetic vector components is geometrically attenuated. Therefore, to distinguish ferrotoroidicity from ferromagnetic order in a material, it is necessary to examine both the crystallographic symmetry and the collective response of the associated moments.
As mentioned previously, in systems with nonvanishing magnetic moments the toroidal moment depends on the choice of origin [82] . It was suggested to choose an origin for which the system is centrosymmetric and nontoroidal in the initial configuration. The change of toroidal moment is then derived from a symmetry-breaking structure distortion at the final state and thus can be interpreted as the spontaneous toroidal moment of the system [82] . Ferrotoroidicity has been demonstrated by materials whose magnetic order breaks spatial inversion symmetry. It is waiting for exploration in a variety of material systems and holds a great potential for future applications [86] .
Experimental characterization of ferrotoroidic states requires a probe and a detection mechanism that violates space-time symmetry. Obviously, the measurement of magnetoelectric coefficients is an appropriate but indirect method for investigating toroidal moments in materials, as was achieved for Co 3 B 7 O 13 Br [83] and Cr 2 O 3 only when it starts to be driven into the spin-flop phase [88] . Moreover, the magnetoelectric tensor of Cr 2 O 3 sustains also a relativistic-invariant pseudoscalar term [89] , which is associated with the axionic ME [90] and the so-called Tellegen term [91] .
Considering the magnetic insulator LiCoPO 4 and the XY-like spin glass Ni x Mn 1−x TiO 3 (x ≈ 0.42) as examples, LiCoPO 4 has a net toroidal moment T (0, T y , T z ) ≠ 0 below 21.8 K [53] . The predominant component T z of the toroidal moment is induced by two pairs in Co 2+ (each pair highlighted in purple or green in Figure 2A) , while the other component T y caused by spin rotation away from the y-axis is approximately two orders of magnitude smaller and thus can be neglected [53] . For the ilmenite structure of the XY-like spin glass Ni x Mn 1−x TiO 3 (x ≈ 0.42), the Ni 2+ and Mn 2+ ions are randomly distributed in the magnetic (Ni, Mn) plane and form a honey comb lattice. At the presence of the cross-product of the electric and magnetic field components, a net toroidal moment is polarized in the direction perpendicular to the honeycomb lattices during the spin-freezing process (in Figure 2B ) [81] .
Apart from toroidization in bulk material at low temperatures, toroidization might be achieved at room temperature by interface engineering due to structural modification, charge transfer and strain effects [92, 93] . Figure 2C shows one possible interface type of (-Fe-FeOTiO 2 -BaTiO 3 ) between Fe and BaTiO 3 , which results in a spontaneous magnetization and polarization at room temperature. Polar vortices for electric toroidal moment are observed in oxide superlattices (SrTiO 3 and PbTiO 3 ) [93] , as shown in Figure 2D . However, in the experiments mentioned here, where the spatial-temporal symmetry was broken with a strong correlation across the interface, it is the quantity P M × which contributes to the detected time-averaged signal.
Interaction of optical waves with toroidized materials
Optical waves are used to detect the long-range order of toroidization in materials, but not for producing toroidization. Moreover, if any detection method should be used for recognizing ferrotoroidic orders, it should sustain odd parity and odd time-reversal symmetries. An example of an optical effect with such symmetry considerations is gyrotropic birefringence [94, 95] , which is also called nonreciprocal directional dichroism (NDD) [96] (see Figure 3A ). NDD appears in materials with ferrotoroidic ordering and is described as a phenomenon that the electromagnetic absorption spectrum depends on the direction of the wave vector of the incident light relative to the toroidal moment T (or ; P M × see discussions in Section 2.2) [97] . However, Di Matteo et al. [98] have shown that NDD has contributions from a magnetic quadrupole, a toroidal polar moment and magnetic octupole moments, in contrast to the natural circular dichroism, which is a measure of only the axial toroidal quadrupole moment of a system. Another mechanism of observation by optical effects is based on the space-time symmetry of the secondorder nonlinear susceptibility of materials with toroidal ordering. The second-harmonic generation (SHG) effect has been exploited to image the ferrotoroidic domain in LiCoPO 4 [53, 78] . An incident light impinges the crystal and induces emission of electromagnetic waves from it, including the SHG wave. The nonlinear optical response of the crystal is determined by the crystal symmetry and microscopic structure. In addition, the long-range ordering and other additional order parameters affect the symmetry in different ways. Therefore, the SHG in general is differently polarized by different ordering parameters. As an example, the ferrotoroidic domains caused by different toroidal ordering T z and T y in a LiCoPO 4 (100) sample was imaged with SHG light at 2.197 eV [53, 78] (see Figure 3B ).
Dynamic toroidal moments in artificial metamolecules and dielectric nanostructures
In addition to static toroidal moments in various condensed materials, engineered toroidal moments using the concepts in plasmonic and metamaterials [99] cause growing interest, as such moments can be excited by and interact with electromagnetic fields more efficiently than the toroidal moments in condensed matter [100] . This helps us to understand the basis of dynamic toroidal Energy (keV)
7.14 7. moments interacting with light as well as modifying the optical properties of materials.
However, the toroidal dipole response in electrodynamics is often masked by more dominant electric and magnetic multipoles at similar energies. Therefore, artificial toroidal metamaterials are initially designed to amplify toroidal moments and suppress the competing electric and magnetic multipoles. This interesting field was set off by mimicking toroidal coils [52, 100] at microwave frequency to explore the toroidal dipole response in a great variety of structures as well as entering the optical regime by scaling structures down to the nanoscale [57] . Figure 4 gives a brief but not complete overview of different investigated toroidal metamolecules in catalogues of split-ring resonators and their variants, magnetic resonators, apertures, plasmonic cavities and structures, and dielectric nanostructures. It should be mentioned that the classification of metamaterials is not restricted to a single catalogue, for example, metallic double disks can be either considered as magnetic resonators [106, 117] or plasmonic cavities [118] . There are also other novel designs, for example, vertically assembled dumbbell-shaped apertures and split ring resonators resulting in a horizontal toroidal response in the optical region [119, 120] .
The far-field radiation patterns of a toroidal moment are virtually identical with those of dipolar electric and magnetic moments, even though these moments are fundamentally different [24, 55] (see Section 3.4). The destructive interference between their radiation patterns of toroidal multipoles, especially in the optical regime, resulting in weak coupling to external fields.
A fantastic characteristic of toroidal metamaterials as aforementioned is the feasibility in tuning toroidal responses via size, shape, material [114] , and spatial arrangement and symmetry [56] of the constitutive elements [122] . So far, the major existing toroidal metamolecules are designed to achieve pronounced magnetic toroidal dipole response due to their peculiar property of asymmetry in both spatial inversion and time reversal. In this case, introducing space-inversion asymmetry, from either the geometry or the excitation source, is necessary for toroidal moment excitation, while breaking time-reversal symmetry has already been fulfilled by the magnetic dipole intrinsically. These toroidal artificial structures open an avenue to study the interaction with electromagnetic radiation in both the far-field and the near-field.
Electromagnetic fields and radiation patterns associated with toroidal moments
The electromagnetic field of a toroidal dipole can be suitably derived by using the retarded Green's function [65, 123, 124] . Considering an infinitesimal toroidal moment with arbitrary orientation as T oscillating at the angular frequency ω, the time-harmonic field components at the position r Rn = is given by has been exploited to construct a nonradiating scatterer. This approach is called the anapole excitation [104] , scattering transparency [114] , or analogous electromagneticinduced transparency [102] . Such an intriguing design has promising potential applications in designing low-loss, high-quality factor cavities for sensing, lasers, qubits, and nonscattering objects for cloaking behavior. The anapole configuration is described in detail in Section 5.1. In parallel, the dielectric metamaterial [121] was proposed to overcome dissipation loss of metals as encountered in metal-based toroidal metamaterial [112] . It has been pointed out that dissipation losses in metals originating from the ohmic resistance can hinder the excitation 
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The vector-field profile around the toroidal moment has also a toroidal configuration, as shown in Figure 5A . Interestingly, the electric field component of an oscillating toroidal dipole has three components depending on R , respectively, dissimilar to the electric and magnetic dipoles, which depend on R −3 only. This fact has consequences on the interaction between toroidal dipoles and other classes of dipoles, as the interferences between the different parts causes the cancellation of free energy at specific distancefrequencies, at which the free energy becomes equal to zero. The interaction between two toroidal moments 1 T and 2 T in free space is given by [101] . (B) A combined SRR by sharing a central connecting bridge [102] . (C) An asymmetric SRR-based planar toroidal metamaterial [103] . (D) Planar conductive metamaterials formed by two symmetrical split rings [104] . Magnetic resonators: (E) an optical toroidal structure composed of a gold hexamer and metallic mirror separated by a dielectric layer [105] . (F) Three magnetic resonators consisting of two metallic rods and a dielectric spacer [106] . (G) An infrared toroid metamaterial composed of asymmetric double bars [107] . (H) A THz flat-ring-dimer (metallic double disks) toroidal metamaterial [108] . Apertures: (I) Toroidal metamaterial arrays consisting of dumbbell-shaped apertures manifest the destructive interference between electric and toroidal dipole moments leading to scattering transparency [54] . (J) Electric toroidal dipolar response has been achieved by metamaterial based on sun-like aperture element at microwave frequency [109] . Dielectric nanostructures: (K) Dielectric nanoparticle [110] . (L) Dielectric nanodisk with illustration of toroidal electric field distribution [111] . (M) Dielectric cylinders [112] . (N) Dielectric nanotubes [113] . Plasmonic cavities: (O) Core-shell nanoparticles support toroidal dipole excitation by a plan wave [114] . (P) Plasmonic oligomer nanocavities with seven nanoholes in metallic films sustain toroidal responses at visible wavelengths [19] . (Q) Toroidal modes are sustainable in the infrared and visible regime by sidewall-coated plasmonic nanodisk antenna [115] . (R) Circular V-groove array supports plasmon toroidal mode at optical frequencies [116] . 
in which it is assumed that both multipoles oscillate at the same frequency and R 12 is the distance between two multipoles. The interaction energy between two multipoles oriented as 1 1T T z = and 2 2 2ĉ os( ) sin( ) T T z T x θ θ = + positioned at a distance R 12 < c/ω versus the polar angles θ 12 and θ is shown in Figure 5 . In a hybridization picture, a negative interaction energy between the moments produces the lower-energy state of a system of coupled toroidal moments, whereas a positive interaction energy causes the higher-energy state. The interaction energy between two toroidal dipoles sustains an extremum at configurations depicted in Figure 5B; i.e. when the two toroidal dipoles are oriented either parallel or antiparallel in a transverse or longitudinal arrangement. This is very similar to the coupling between two electric dipoles [125] . Dissimilar to the case of coupled electric dipoles, however, the interaction energy between two toroidal dipoles can be quite different at distances R 12 < c/ω and R 12 > c/ω, even for a fixed arrangement and orientation of toroidal dipoles. It is already obvious from Eq. (4) that at R 12 = c/ω, H int = 0 (see Figure 5C ). This fact causes switching of the eigenenergies for symmetric and antisymmetric coupling at distances ranging from R 12 < c/ω to R 12 > c/ω. It should also be mentioned that for localized toroidal moments this, switching might not be an obvious fact, as the critical distance R 12 = c/ω is comparable to the wavelength, which is usually much larger than the scale of a toroidal dipole moment source. For a nonlocalized metamaterialbased toroidal moment coupling configuration which is comparable to the scale of the wavelength, this switching becomes better observable. The radiation pattern associated to a toroidal dipole moment is given by 2 * ( /4 ) Re{ ( , ) ( , )}, P c R n E r t B r t π = ⋅ × which, after some simple algebraic manipulations, is simplified to 6 5 2 2
( /4 )(| | ( ) ). c T n T ω π − ⋅ This is quite similar to the radiation pattern of an electric dipole moment [24] . Particularly, they share the same multipolarity and angular radiation pattern and show different frequency dependencies. This holds for the higher-order multipoles too and is very important when they coexist and compete. Interestingly, different contributions to the near-field profile of the toroidal moment cancel themselves in the far-field pattern, and only the last term in Eq. (3) contributes to the radiation pattern.
Excitation of toroidal moments

External light
Whereas the detection of natural spin-based toroidal moments of solid states needs complicated methods like X-ray gyrotropy and circular dichroism [98, 126] , X-ray Compton scattering [127] , nonreciprocal reflection [128] , or second harmonic generation [53] , the excitation and detection of dynamic metamaterial-based toroidal moments are apparently much simpler. This is because each element of the metamaterial configuration is designed in an intelligent way to (i) couple effectively with the incident light and (ii) sustain an effective ring-like orientation of magnetic moments as shown in Figure 1C , which can be arranged in arbitrary numbers of magnetic moments in the ring affecting directly the strength of toroidal moments.
Depending on the polarity of light and the spatial symmetry of the metamaterial structures, different strategies are used to excite toroidal moments in metamaterials. In the literature, external light, with either linear [129] , radial [105, 130] , or circular polarization [101, 109] , has been used to illuminate the metamaterials normally, laterally, or obliquely (see Figure 6 ).
In general, the polarization of the electric field of the incident light induces effective current loops in the structure, which generates magnetic dipoles. By carefully arranging the structure elements and the polarization direction of the incident light, a vortex of magnetic dipoles, i.e. a toroidal moment, is thus achieved. For instance, split-ring resonators usually are illuminated from a lateral direction. 
Relativistic electrons
Relativistic electrons possess a unique spatial structure of the electromagnetic field attached to their vicinity. Distinct to far-field light sources, relativistic electrons act not only as a near-field excitation source, but also share certain overlapping excitation features with various optical excitation field geometries in an ultra-broad band frequency range, such as a radial and circular far-field [131] , and a dipolar near-field (Figure 7 ) [19, 132] . Such combined electronic and optical excitations allow a comprehensive study of toroidal metamaterials.
Recently, electron energy loss spectroscopy (EELS) and energy-filtered transmission electron microscopy (EFTEM) with relativistic electrons have been used to study toroidal moments at high spatial resolution [132] . EELS and EFTEM use focused and parallel electron beams, respectively, which can interact with the optical modes of the sample. Due to this inelastic interaction, the electron loses energy, which can be detected using an electron spectrometer. The energy loss suffered by the electron is an indirect probe of the optical resonances of the sample [133] [134] [135] [136] [137] .
Coupling of toroidal moments
to other classes of moments
Formation and discovery of anapoles
Nonradiating field distributions and sources have attracted attention from time to time, mainly due to their connection with the discovery and characterization of elementary charged particles. A very prominent example of such a category is an electron, with the well-known Coulomb field associated with it, which even at a uniform velocity maintains its evanescent field profile. Classically, several current distributions were heuristically introduced with vanishing far-field radiation. An interesting work in this field, initiated by Devaney and Wolf [138] , has considered the multipole expansion of the fields generated by time-harmonic current distributions inside an enclosed region specified by r < R, to conclude that the radiation multipole moments are dependent only on the transverse components of the spatial-harmonic current density distribution given by [138] [139] [140] . However, the classification of multipole moments as provided by Devaney and Wolf excludes the toroidal moment class. For including toroidal moments, a complete analysis as discussed above is necessary.
An example of a nonradiating source is known as an anapole. An anapole is composed of a toroidal dipole moment and an electric dipole moment. As the radiation pattern associated to these two classes of moments are quite similar to each other, even in the near-field (see discussions in Section 3.4), it is possible to precisely tune the strength of these two moments by means of geometry [111, 141] (Figure 8A and B) , in order to cancel the radiation pattern, even though the field components of a toroidal dipole moment being proportional to R −2 and R −3 will still contribute to the near-field profile. In fact, the anapole moment was first introduced theoretically by Zeldovich [142] . For quite a long time, however, discussions regarding the existence of such a moment were just theoretical. The first experimental evidence for the existence of an anapole in the cesium atomic nuclei has been published in 1997 by Wood et al. [143] . Among the applications of the anapole moment are its relation to dark matter in the universe [144, 145] , enhancing light absorption by metamolecules with an anapole moment [146] , and enhancing efficiency of higher harmonics generation [141] , have been already discussed in the literature. 
Toroidal metamaterials
Despite the fact that different configurations of toroidal metamolecules have been so far intensively investigated for their intriguing possibilities to sustain toroidal moments, still the coupling between adjacent elements have not been thoroughly studied yet. In fact, due to the exotic near-field contribution, such a coupling and hybridization of toroidal moment can obey quite different selection rules in comparison with electric and magnetic dipoles. Moreover, even neglecting the coupling between adjacent elements, an arrangement of toroidal moments in a photonic crystal lattice leads to interesting new behaviors such as resonant transparency and Fano excitations within the effective-medium approximation [52, 54, 102] .
Applications of toroidal moments
The formation of toroidal moments in a spatially confined hybrid electric-magnetic configuration leads to unusual properties, which opens a horizon of potential applications in data storing [147] and designing of lowloss metamaterials or metadevices [129, [148] [149] [150] , such as ultrasensitive sensors and diagnostic tools [101, 151] , polarization twister [109] , near-field lasing [152] and lasing spacer [153] .
For long-range toroidal moments in condensedmatter systems, their inherent ME is of technological interest since it provides an alternative and convenient way for manipulation of data in for example storage discs. Indeed, data storing at the nanoscale can be realized by switchable, ordered electric toroidal moments in low-dimensional ferroelectric structures [147, 154] . Moreover, the switching of toroidal moments requires no electrode contact at the nanoscale but is conveniently controlled by time-dependent magnetic fields. Additionally, it exhibits no noticeable cross-talk [154] . As for the case of LiCoPO 4 , the generation and manipulation of ferrotoroidic domains were implemented by simultaneously applied magnetic and electric fields, not solely by either of the fields alone [53] . It gives the material a promising potential to reject external disturbance in data storage, as an illustration. Moreover, the intrinsic linear ME of ferrotoroidic materials is anticipated to be a source of giant MEs via effective enhancement [87] .
Benefiting from more confinement in real space, dynamic toroidal dipolar excitation in metamaterials usually achieves higher quality factors by carefully designing the geometry [129, 148, 149] and the chemical component [152] . It paves the road for applications as lowloss, high-Q cavities in metadevices [103, 104, [148] [149] [150] and laser spacer [153] . Through destructive or constructive interference between toroidal multipoles and electric or magnetic multipoles, astonishing electromagnetic phenomena can be achieved, such as manipulation from nonto super-radiating [130, 155] , resonant transparency [54, 114, 156] , extremely high Q-factors [104] and nanolasering in the near-field [152] .
Instead of local toroidal excitations, a propagating toroidal excitation in free space, as a peculiar form of delivering an electromagnetic field, is intriguing. This concept was introduced in 1996 as focused doughnuts, a single-cycle, broad-bandwidth pulse with a spatially localized toroidal field configuration and longitudinal field components [157] . It was numerically shown that such pulses allow to excite a prominent toroidal dipole mode in a dielectric nanosphere [158] . The challenge of realizing such a focused doughnut lies in simultaneously controlling frequency and spatial dispersion over a wide bandwidth [24] .
Another peculiar feature of toroidal moments is circular dichroism [101, 151] . It is seemingly challenging the common interpretation based on electric and magnetic quadrupoles and also might have a potential in diagnosing and sensing fields [101] . Moreover, an effective conversion between left-handed to right-handed circularly polarized waves at the same frequency has been demonstrated via arrays of sun shape apertures [109] . It can be potentially applied as polarization twister at the microwave region.
Conclusion and outlook
The basis of toroidal moments based on a multipole expansion of the vector potential and expansion of the free energy is reexamined. Static toroidal moments widely exist in condensed matter, and dynamic toroidal moments have become unambiguous via metamaterial engineering in the last few years. The peculiar behavior of toroidal moments is determined by their hybrid nature in a charge-current configuration. Investigation of the associated characteristics and potential applications of toroidal moments has started up and drawn increasing attention. Nevertheless, many unknown aspects and concepts still wait for exploration and inspection. We mention a few possible future directions in the following.
The intrinsic ME associated to toroidization in condensed matter has possible technological applications in data storage, where faster switching and more controllability are anticipated via the concomitant utilization of the static electric and magnetic fields. Obviously, data bits in such a device are written and read via the ME. However, still, the effect should be enhanced prior to the employment in technologically relevant storage devices.
A promising toroidal element in solid state systems is the skyrmion. It is the smallest possible perturbation to a uniform magnet, displaying as a localized solitonic magnetic whirls (spins) usually with a width of a few tens of atoms [159, 160] . Skyrmion-based devices are anticipated to store and process information at unprecedentedly small sizes and levels of energy consumption [160] .
Considering electrodynamics, aside from designing metamolecules with prominent toroidal dipole response, the radiation properties associated to toroidal moments and the interaction between toroidal moments require more attention. In particular, coupling between the toroidal moments and their associated collective excitations is to be experimentally investigated, to enable engineering systems based on toroidal moments. Moreover, due to similarities between the Helmholtz and Schrödinger equations, it is of paramount interest to investigate the coupling of toroidal metamolecules to the applied probes, such as matter waves and light. The size of the supported metamolecules is often at the nanoscale, especially when toroidal responses enter the optical regime. Thus, the state-of-the-art microscopy techniques are helpful to generate and observe toroidal fields at the nanoscale, such as electron energy-loss spectroscopy, cathodoluminescence, scanning tunneling microscopy, and scanning near-field optical microscopy.
Observation of toroidal modes in dielectric and metallic photonic crystals can endeavor new engineering routes of the optical density of states, beyond what is to be expected from the dipole approximation. Inclusion of toroidal moments, especially toroidal cavities with highquality factors, has a high potential for engineering the Purcell factor due to its deep-subwavelength mode volume [118] . More interestingly, photonic crystals and toroidal cavities designed in a precise way for quenching the radiation from dyes can provide a new path for nonradiative energy transfer between the adjacent elements, by incorporating the concept of anapoles. Additionally, we anticipate that the coupling of the whispering gallery modes of tapers and fibers [27, 161] to the axial toroidal moments at the apex of a SNOM tip will be an interesting option to introduce new near-field microscopes with higher efficiencies and long-range coupling probabilities compared to the generally used SNOM tips, which are based on dipoledipole interactions. Such a configuration might be used to probe the magnetic field, in a competing configuration with well-known spin-coded SNOM tips [72] .
